This paper studies the non-Darcy natural convective heat transfer flow of nanofluid flow through a porous medium in a co-axial cylindrical duct where the boundaries are maintained at constant temperature and concentration. The flow in the porous material is given by a linear Brinkman-Forchheimer-extended Darcy equation. The Boussinesq approximation is invoked so that the effect of density variation is combined to the buoyancy forces. The equations of momentum, energy and diffusion are coupled and linear. Galerkin finite element analysis is employed with quadratic polynomial approximations. At different axial positions, analysis is conducted for the behaviour of velocity, temperature and concentration.
Introduction
By adding nanoscaled solid particles in a conventional cooling liquid, such as water and ethylene glycol the resulting suspension is referred as nanofluid has been explained by Choi and Eastman [1] . Viscous dissipation and the effect of buoyancy was analyzed by Antonio [2] in a vertical cylinder duct having laminar flow and heat transfer. El-Shaarawi and Al-Nimir [3] and Al-Nimir [4] have discussed the limiting case of fully developed natural convection in porous annuli and were solved analytically for steady and transient cases. The solutions for the annular porous media valid for low modified Reynolds number was obtained by Philip [5] .
The heat transfer deterioration in Al 2 O 3 -water and water-based copper oxide (CuO-water) nanofluids (with volume fraction 1% and 4%) has been absorbed experimentally by Putra et al. [6] . The natural convection of TiO 2 -water in a vessel composed of two discs has been observed by Wen and Ding [7] . The natural heat convection deterioration in 0.5%~6% Al 2 O 3 -water nanofluids has been reported by Li and Peterson [8] . From the experiments for 1.08% Al 2 O 3 -water nanofluid in a Rayleigh-Bénard configuration Rui et al. [9] has found deterioration in natural convection. Nnanna's [10] experiment depicts that the presence of Al 2 O 3 nanoparticles did not impede the water-free heat convection with the volume fraction in the range of 0.2%~2%. The mixed convection flow in single and double-lid driven square cavities filled with water-Al 2 O 3 nanofluid has been studied by Chamkha and Abu-Nada [11] . Taking variable thermal conductivity around a vertical cone in porous media Ghalambaz et al. [12] have analyzed the effects of nanoparticles diameter and concentration on natural convection of the Al 2 O 3 -water nanofluids. The natural heat convection of water-based alumina (Al 2 O 3 -water) nanofluids (with volume fraction 1% and 4%) in a horizontal cylinder has been observed numerically by Xiangyin Meng and Yan Li [13] and found that the temperature-dependent solver is better for water and 1% Al 2 O 3 -water nanofluid cases, while the original solver is better for 4% Al 2 O 3 -water nanofluid cases.
In this paper, we investigate non-Darcy convective heat transfer flow of a nanofluid in a cylindrical annulus by employing Galerkin method with quadratic polynomial approximation. The effect of various parameters on all the flow characteristics has been investigated.
Formulation of the problem
We consider the fully developed, steady laminar mixed convective flow of an incompressible viscous, electrically conducting fluid through a porous medium in the annular region between two vertical co-axial circular pipes. We choose the cylindrical polar co-ordinates system O (r, θ, z) with the inner and outer cylinders at r = a and r = b respectively. The fluid is subjected to the influence of a radial magnetic field (H 0 /r). Pipes being sufficiently long all the physical quantities are independent of the axial co-ordinate z. The fluids are chosen to be of small conductivity so that the magnetic Reynolds number is much smaller than unity and hence the induced magnetic field is negligible compared to the applied radial field. Also the motion being rotationally symmetric the azimuthal velocity v is zero. The Brinkman-Forchheimer-extended Darcy model which accounts for the inertia and boundary effects has been used for the momentum equation in the porous region. The equations of motion governing the MHD flow through the porous medium are
where u is the axial velocity in the porous region, T, C are the temperature and concentration of the fluid, k is the permeability of porous medium, F is a function that depends on Reynolds number, the microstructure of the porous medium and D B is the molecular diffusivity, β is the coefficient of the thermal expansion, Cp is the specific heat,  is density and g is gravity, k 11 is the cross diffusivity. The relevant boundary conditions are
The axial temperature and concentration gradients z
The properties of nanofluid are defined as follows
The non-dimensional variables are as follows
From the above variables, the governing equations in the non-dimensional form are given, by removing the stars, along with the each parameter representation below.
is Inertia parameter or Forchheimer number; 2
The corresponding non-dimensional conditions are
Method of solution
The Galerkin finite element analysis with quadratic polynomial approximation functions is carried out along the radial distance across the circular duct. For different variations in governing parameters, the behavior of the velocity, temperature and concentration profiles are discussed. The global coupled matrices for the velocity, temperature and concentration are obtained. Assuming an arbitrary element ek and let uk, k and Ck be the values of u,  and C in the element ek, the error residuals are defined as
These are expressed as linear combinations in terms of respective local nodal values.
where
 etc are Lagrange's quadratic polynomials.
Galerkin's method is used to convert the partial differential Eqs. (11) -(13) into matrix form of equations which results into 3x3 local stiffness matrices. All these local matrices are assembled in a global matrix by substituting the global nodal values of order I. The rate of heat and mass transfer is evaluated by using the following formulae. Nusselt number (rate of heat transfer) is calculated using the formula 
Important conclusions and results in this analysis
Inverting the stiffness matrices and following iteration procedure the velocity, temperature and concentration have been evaluated for different values of M, α, γ and Ø. The rate of heat and mass transfer has been calculated numerically on the boundaries. Numerical evaluations were performed and graphical results were obtained to illustrate the details of the flow and heat and mass transfer characteristics and their dependence on some physical parameters. The key findings are summarized below:
As the magnetic field parameter enhances, the momentum boundary layer thickness and the temperature reduces in the region, whereas in the case of copper-water nanofluid, concentration enhances in the entire flow region. In the case of Al 2 O 3 -water nanofluid, velocity reduces while the temperature and concentration enhances in the boundary layer as shown in Figs. 2a-2c . The values of velocity, temperature and concentration in the case of Al 2 O 3 -water nanofluid, is relatively higher than that of copper-water nanofluid.
The variation of heat transfer Nu with magnetic parameter M, higher the Lorentz force larger |Nu| on r=1 and r=2 in the case of copper-water nanofluid. But in the case of Al 2 O 3 -water nanofluid |Nu| enhances on r=1 and reduces in r=2 as shown in Table 1 .
Figs. 3a-3c show the case of copper-water nanofluid, an increase in the strength of heat generating source enhances the velocity and concentration and reduces the temperature in both types of nanofluids. |Nu| enhances on r=1 and r=2 with increase in the strength of generating heat source. In the case of Al 2 O 3 -water nanofluid |Nu| reduces on r=1 and enhances on r=2 with increases in α>0, |Nu| enhances on both the cylinders is represented in Table 1 . Table 1 .
Figs. 5a-5c represent that the variation of velocity, temperature and concentration with an increase in the volume fraction nanoparticles leads to an enhancement in the velocity and concentration in both types of nanofluids. In the case of temperature distribution, the actual temperature reduces in copper-water nanofluid and enhances in the Al 2 O 3 -water nanofluid. Also it is observed that the values of velocity and concentration in copper-water are relatively higher than those of Al 2 O 3 -water nanofluid, while the values of temperature in copper-water nanofluid are lesser than those of Al 2 O 3 -water nanofluid. Table 1 shows that |Sh| enhances in copper-water nanofluid and reduces on r=1 and r=2 in Al 2 O 3 -water nanofluid on both the cylinders. It is also observed that Al 2 O 3 -water nanofluid has the highest Sherwood number on both the cylinders. 
